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Abstract 

We examine the performance of mapped averaging for the computation of 
the dielectric constant in application to the TIP4P water potential. We 
compare the efficiency of conventional and mapped averaging in terms of 
the difficulty ratio, considering four temperatures (500 K, 650 K, 1300 K, 
and 1800 K) and densities from 10−6 g/cm3 to 1.0 g/cm3 . We consider 
differences in the methods also with respect to correlation of samples, and 
system-size effects. Results for 650 K are compared to experimental data as 
represented by a correlation for the dielectric constant from the literature, 
with deviations of up to 25% observed. Significant advantage in efficiency 
is seen for the mapped-averaging approach at high temperature and low 
density, while being marginally less efficient at liquid-like densities. We also 
examine the simulation data against results from a dielectric virial series to 
third order in density, and suggest that an even better mapped-averaging 
method may be developed from consideration of pairwise interactions of the 
molecular dipoles. 
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1. Introduction 

Solution properties have long attracted the attention of researchers in 
chemical thermodynamics [1, 2, 3, 4]. Molecular models of electrolytes and 
aqueous solutions rely on a proper treatment of electrostatics for an accurate 
description of solution behavior. A key property relating to these considera-
tions is the dielectric constant, or relative permittivity. Models of water that 
aim to be used for studies of solutions should give attention to whether the di-
electric constant is predicted well. It characterizes how well a solvent screens 
the interactions of charges with each other, and thereby has a considerable 
effect on the general behavior of solutions. Indeed, considerable attention has 
been given to evaluation of the dielectric properties for various water models 
via molecular simulation [5, 6, 7, 8]. The dielectric constant is related to 
the fluctuations in the mean square total dipole moment in the absence of 
and external electric field [9, 10]. It is considered one of the more difficult 
properties for calculation by molecular simulation; long-range electrostatic 
effects are relevant, and like all fluctuation-based quantities, averaging tends 
to converge slowly. 

To aid calculation of precise values of dielectric constant, we developed a 
formulation of mapped averaging (MA) [11, 12] for its evaluation. Mapped 
averaging is a new, general method for reformulation of the ensemble averages 
in statistical mechanics. Given a property approximation based in statistical 
mechanical theory, the MA framework derives new ensemble averages that 
represent exactly the error in the theory. If the starting theory is reason-
ably accurate, the correction given by the averages can be evaluated with 
good precision, because it eliminates fluctuations related to the known ap-
proximate behavior. We have had good success in application of this idea to 
evaluation of properties of atomic crystals, where a harmonic treatment pro-
vides a suitable starting point [13, 14, 12]; the simulations then give directly 
the anharmonic contributions to properties. 

Our application of MA to evaluate the dielectric constant from molecu-
lar simulation builds on knowledge of fluctuations in non-interacting dipoles, 
such that the simulation measures only contributions in excess of this. Presently 
we consider only rigid, non-polarizable dipoles interacting with an external 
field E. When presenting the general MA framework [11], we used applica-
tion to the dielectric constant as one of several brief examples illustrating the 
effectiveness of the approach. We performed simulations of the Stockmayer 
model (Lennard-Jones with point dipole), and showed that MA at low den-
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sity yields results that are much more precise than conventional averaging 
with the same amount of computation. 

In this paper, we consider application to a more realistic molecular model, 
the TIP4P potential for water. This model has three charged sites and one 
LJ site, which means there are ten pairs of interaction between each pair of 
molecules, and no explicit dipole-dipole interaction is employed. We exam-
ine the effectiveness of MA for such a system. We emphasize calculation of 
dielectric constant of water in supercritical state. One reason is that most 
previous simulation studies of the dielectric constant of water considered the 
liquid state, so we provide new data as a byproduct of the study. Addition-
ally, in the supercritical conditions the non-interacting dipole starting point 
is more appropriate, and the approach may be anticipated to be more effec-
tive. We compare the performance of MA and the conventional approach by 
consideration of the difficulty. Also we examine other performance-related 
features that we did not consider in previous work, in particular the rate of 
decay of correlations, and system-size effects. In applications to the anhar-
monic behavior of crystals, we found large differences between conventional 
and mapped averaging with regard to these issues. We also compare our 
simulation results with experimental data as represented by a correlation. 

The formalism and simulation details of MA for calculation of the dielec-
tric constant are presented in Sec. 2 and results are given in Sec. 3. In Section 
4, we summarize the findings and consider paths for future development of 
the MA method for evaluation of the dielectric constant. 

2. Formalism and simulation details 

2.1. Ensemble averages 

We consider molecules with a fixed dipole moment, |µi| ≡ µD. The energy 
of interaction with external field E is: 

UE = −E · M, (1) P 
where M = i µi is the the total dipole moment (here and below, i sums 
over all N molecules in the system). The dielectric constant is given in terms 
of the second derivative of the free energy A with respect to the field E, 
which yields directly the conventional form for the ensemble average: �
 � � 

2 M2 rE(βA) = −β2 − hMi2 (2) 
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This is what we will refer to as the conventional averaging approach for eval-
uating the dielectric constant. For the isotropic and homogeneous systems 
we consider, there is no permanent dipole moment (hMi ≡ 0), so we average 
just hM2i. 

The MA formulation for this derivative is developed as follows (additional 
detail is available in Ref. 11). We derive the mapping under an assumption 
that the probability of a configuration is that for independent dipoles in a z-
directed field E = (0, 0, E). This assumption leads us to define the following: Y 

p(Ω; E) = exp(−βUE ) = p1(zi; E) (3a) 
i 

p1(zi; E) = exp(βµDEzi) (3b)Z 
q(E) ≡ dΩ p(Ω; E) = (q1(E))N (3c) Z 1 

q1(E) = dzip1(zi; E) 
−1 

= 2 sinh(βµDE)/(βµDE) (3d) 

Here, Ω is the vector of orientations for all N molecules, and zi is the z-
component of the orientation of dipole i. These approximations to the true 
Boltzmann weight and partition function are used in a type of conservation 
equation to derive the mapping, which is given via a generalized “rotational 
velocity” vi

E (the E superscript indicates that this velocity describes change 
in orientation with respect to a changing field E, rather than time): � � � � 

∂ p1(zi, E) ∂ p1(zi, E) E+ v = 0. (4)
∂E q1(E) ∂zi q1(E) i 

The mapping given by solution of this formula keeps the ratio p1/q1 constant 
(in the Lagrangian frame) as E is varied. If the independent-dipole approx-
imation is valid, then the formula for the change in free energy with E (as 
derived below) would be expressed in terms of an average having no fluctua-
tions, yielding a result with perfect precision. To the extent the system does 
not obey the independent-dipole approximation, there will be fluctuations in 
the average; however, while some imprecision is introduced, there is no loss 
of accuracy. 

Solution to Eq. (4) with the boundary condition vE(zi = 1) = 0 yields: 

1 
vi
E = βµD(1 − zi 

2) (5)
2
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The second derivative of the free energy is then [11]: � 
βAEE = − JEE − JE 

2 + h βUEE i (6) 

− Var [JE − βUE ] 

where subscripts indicate derivatives with respect to E. The Jacobian deriva-
tives are given in terms of the mapping as 

JE 
E = r · v , (7a) 
E EJEE − JE 

2 = r · vE + v · r(r · v E ), (7b) 

and the configurational-energy derivatives are 

βUE = − Mz − v E · τ (8a)� 
E E E E EβUEE = − vE + v · rv · τ + v · φ · v (8b) 

− 2 v E · τ E , 

where τ is the 3N -dimensional vector of the components of the torque on 
all molecules, and φ is the 3N × 3N Hessian for the energy with respect to 
the orientations; also, the r operator here is the 3N -dimensional vector of 
orientation derivatives. 

We repeat this derivation for fields in the x and y directions, respectively, 
and sum over all three directions to obtain the final MA expression for the 
second derivative [11]: *����� X

N

i=1 

τ i × µi 

����� 
2+ 

β4 
2 2 
E(βA) = −Nβ2 µD +r (9)

4 * + 
β3 

− 
X 

i=1 j=1 

XN N

(ri · τ j )(µi · µj ) − µj · riτ j · µi4 

where τ i is the torque on molecule i, and ri is the gradient with respect to the 
molecule-i orientation. Equation (9) is clearly separated into two parts. The 
first term in this expression is the Clausius-Mossotti-Debye result [15], which 
describes fluctuations of independent dipoles. The remaining terms represent 
the correction to this approximate form, given as ensemble averages that will 
be small and precise to the extent that the independent-dipole approximation 
is valid. 
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Once this derivative is evaluated, the dielectric constant � is obtained, for 
tin-foil boundary conditions, via [9]: 

� − 1 4π 2 = − rEA, (10)
3 9V 

where V is the volume of the simulation cell. 

2.2. Simulation details 

We performed calculation of the dielectric constant for the TIP4P water 
potential [16], with a system size of N = 256 molecules (except for simula-
tions performed to examine finite-size effects, described below). Constant-
NV T Monte Carlo (MC) simulations were performed with 108 MC trials, 
where each trial is an attempted rotation or displacement (50% probability 
each) of a single randomly selected molecule. Simulations at a few condi-
tions were performed using 109 MC trials, specifically: (500 K, 0.4 g/cm3), 
(500 K, 0.9 g/cm3), (500 K, 1 g/cm3), (650 K, 0.9 g/cm3) and (650 K, 
1 g/cm3). Samples were separated into 1000 blocks and the uncertainty was 
computed as one standard deviation mean of the block averages (68% confi-
dence limits), accounting for block correlations using the method of Kolafa 
[17]. Simulations were run using the Etomica molecular simulation library 
[18] on computers with Intel i7-4790s, 3.20GHz CPU. In all cases described 
below, mapped and conventional averages were computed in separate sim-
ulations and the individual timings required to complete a given run were 
recorded and used to evaluate the difficulty [19] presented here. Interactions 
were truncated at a distance of 49% of the simulation box-size. The reaction 
field method was applied to treat the the long-range dipole interactions, using 
a dielectric constant of the boundary �0 →∞ (tin-foil boundary conditions). 

We performed calculations from very low densities to values about equal 
to that of condensed liquid water, and for four temperatures 500 K, 650 K, 
1300 K and 1800 K. Some of these are rather extreme conditions, but they 
are encountered in some natural settings; moreover, we cannot expect the 
TIP4P model to be accurate at many of these states. Regardless, it is useful 
to consider a broad range of conditions when evaluating the performance of 
a method. We note that the critical temperature of (real) water is 647 K, 
but for the TIP4P model the critical temperature is lower, equal to 588 K 
[20]. 
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3. Results and discussion 

3.1. Difficulty ratio 

We first compare the performance of the conventional and MA approaches 
by examining the difficulty ratio along isotherms and isochores. The diffi-
culty D is defined [19] D ≡ σt1/2, where σ is the uncertainty in an average 
obtained from a simulation requiring CPU time t (conventionally measured in 
seconds). This group is asymptotically independent of t for sufficiently large 
t, so it provides a convenient basis for comparison of performance. Note that 
ratio of CPU times needed to produce a result of the same uncertainty for 
two different methods is given by the square of the ratio of their difficulties. 

The difficulty ratio (conventional/mapped) is plotted for four isotherms 
in Fig. 1 and five isochores in Fig. 2. In the most extreme case considered 
here the MA reduces the computational effort by a factor of 107 . This oc-
curs at the highest temperature and lowest density—the interaction between 
dipoles is weakest (relative to kBT ) at such conditions, and behavior is closest 
to the assumption of non-interacting dipoles. On the other hand, while the 
efficiency is high at these conditions, the correction to the Clausius-Mossotti-
Debye estimate is correspondingly small, so the quantity being averaged is 
increasingly unimportant. For the low temperature and high density region, 
the MA is seen to be slightly less efficient (difficulty ratio between 0.9 and 
1, and lower in a few cases), but it is no less accurate. Between these ex-
tremes, the MA approach provides a useful level of computational speedup, 
perhaps halving or more the amount of CPU required to obtain a result to 
a given precision. Thus, the MA could be used for all of the supercritical 
region without concern for incurring any disadvantage and, assuming it is 
implemented in code, there is little reason to avoid using it to calculate the 
dielectric constant. 

3.2. Correlation 

Studies of MA in application to crystal properties found considerable 
advantage with respect to the decay of correlations in the quantity being 
averaged [12]. A quickly-decaying autocorrelation corresponds to effectively 
more independent data, and contributes to a smaller uncertainty for a given 
amount of total sampling. We examine the dielectric MA in this respect, and 
consider the quantity [21]: 

σ2
¯ (b) 

s ≡ M X . (11)
σ2 
X 
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Figure 1: Difficulty ratio D(conventional)/D(mapped), for calculation of the dielectric-
2constant derivative r (βA), computed for the TIP4P water potential along the four E

isothermal lines. Data for T = 500 K extend into the two-phase region beyond its satura-
tion density (equal to 0.013 g/cm3 for real water). Straight lines join the points as a guide 
to the eye. 
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X 

Here, M is the total number of MC steps performed in the simulation, and 
σ is the variance of the sampled values (denoted X, which represents the 
right-hand side of Eq. (2) or (9) for conventional and MA, respectively). The 

X 
2
¯variance of the mean σ (b) is obtained as the variance of subaverages of 

blocks of b samples each, divided by the number of blocks (equal to M/b). 
In general, s depends on block size for small b, but becomes asymptotically 
independent of b for sufficiently large blocks; this is the value of s that is of 
interest. 

The quantity s can be interpreted as the number of samples required to 
obtain an independent block average. If each configuration were independent 
of the previous one, then we would have s = 1, but in practice the MC 
method generates highly correlated configurations, and it takes many samples 
to generate an independent block average. There is advantage in requiring 
fewer samples to generate an independent block average, because it allows 
a given number of samples to provide effectively more data. Interestingly, s 
depends on the property being computed and the method of calculation, and 
this is what we examine now. 

Figure 3 presents a comparison of s for data at one temperature and two 
densities, comparing conventional and MA. Considering first the liquid den-
sity, we see that conventional averaging requires almost 10 times more sam-
ples to generate an independent block, compared to MA. The MA method 
already accounts for fluctuations involving large variations in the orientations 
of the dipoles, and instead it requires averages that depend on the intermolec-
ular interactions, which can decorrelate more quickly than fluctuation in the 
total dipole moment. The situation is switched and less extreme at the low-
density example. Here the conventional average decorrelates about twice as 
fast as the mapped average. The relative independence of the dipoles al-
lows fast decorrelation of M, while the long-range interactions contribute to 
longer correlation of the relavant quantities for MA. 

Notably, s is not alone in determining the efficiency of the calculation. 
Even with the faster decorrelation for MA, at liquid densities both approaches 
are roughly equal in efficiency (cf. Figs. 1 and 2); this may reflect in part the 
extra computational cost required for MA, which is included in the difficulty 
ratio. Then, despite its slightly slower decorrelation, at the vapor density 
the MA is vastly superior, reflecting the much smaller size of the fluctuations 
that give rise to the uncertainty in its average. 
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3.3. System size effect 
For crystals, mapped averaging also shows considerable advantage with 

respect to finite-size effects [12]. The anharmonic contributions computed 
directly by the simulation are essentially independent of the system size, while 
the accuracy of the harmonic component is significantly affected, with the 
consequence that small-system results taken by conventional averaging are 
compromised. To investigate this issue for the dielectric-constant calculation, 
we evaluated r2 (βA/N) via simulations of N = 100, 200, 400, 800 and 1600 E

molecules, respectively. As with the analysis of correlations, we consider one 
low and one high density: 0.001g/cm3 and 0.9 g/cm3, both at T = 650 K. 
Data are plotted in Figs. 4 and Fig. 5. The figures show that the lines of 
rE

2 (βA/N) are in all cases practically horizontal for both methods, indicating 
that both MA and conventional method are insensitive to system-size effects. 
We also notice that the uncertainty of MA is always smaller than that of the 
conventional average, especially at the lower density, demonstrating that the 
MA is more precise then the conventional with same MC steps. 

Turning from the issue of accuracy, let us examine the effect of system size 
on relative precision of the methods. This is presented again in terms of the 
difficulty ratio, shown in Fig. 6 as a function of (inverse) system size. For 0.9 
g/cm3 density, the MA and the conventional average basically have the same 
difficulty, with the ratio fluctuating between 0.95 and 1.3 across the system 
sizes. At the lower density of 0.001 g/cm3, the advantage of the MA increases 
with increasing system size. One can reason that the relative uncertainty 
(RX ≡ δX /X, where δX is the uncertainty of X) of the conventional average √ 
hM2i is proportional the square root of N [22, 23] (RM2 ∝ N), which is 
consistent with our data (not shown) for conventional averaging. For the MA 
in Eq. (9), there are three components: −Nβ2µ2 , and two averages. TheD

first component is given exactly, hence its uncertainty is zero. The second 
component (involving τ i × µi) is a square of an extensive quantity, which √ 
has the same behavior as hM2i, i.e. (R ∝ N ). The third component 
is just an extensive average and its relative uncertainty is independent of 
system size. In the case of density 0.9 g/cm3 , the second component of 
MA becomes dominant and the difficulties of the MA and the conventional 
are close to each other. Hence, the difficulty ratio plot is almost horizontal 
with value near unity for this density. In the case of density 0.001g/cm3, the 
second component becomes less important and the relative uncertainty of MA 
decreases with increasing system size, leading to an increase in difficulty ratio 
for this density. So the MA tends to have results with smaller uncertainty 
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Figure 4: Comparison of system-size effects of MA and conventional methods for T = 650 
K, ρ = 0.9 g/cm3 . The error bars indicate the 68% uncertainty estimates of the data. 

than that of the conventional average for large systems in supercritical states. 

3.4. Comparison between correlation and simulation data 

Lastly, we compare the MA simulation data to experiment as represented 
by the empirical correlation of Fernández [24]. Comparison is presented in 
Fig. 7 for the 650 K isotherm (the correlation is valid only up to 873 K, so 
we do not consider higher temperatures). The results for the MA and the 
conventional average are indistinguishable on this scale, so we present only 
the MA results. Inasmuch as it is non-polarizable, TIP4P water is unrealistic, 
so it is not surprising that the simulation data does not match the correlation 
plot perfectly. In particular, the simulation results overestimate the dielectric 
constant for the low-density region (as expected for a fixed-charge model 
parameterized for the liquid) and underestimates for the high-density region. 
As shown by the inset figure, the differences are about 25% for the two cases. 
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4. Conclusion 

We have applied a mapped-averaging framework to compute the dielec-
tric constant of TIP4P water for the non-condensed vapor and supercriti-
cal states, and compared the results with conventional averaging. Results 
demonstrate that the MA can save computational effort, potentially many 
orders of magnitude in favorable conditions, while in the worst cases the re-
formulated averages are just slightly slower to converge. The calculations 
are most useful in examining deviations from the Clausius-Mossotti-Debye 
approximation at low-to-moderate densities. 

The MA formulation employed here is especially useful if high-precision 
values of the dielectric constant are required at low density. Such an appli-
cation may arise if attempting to generate data from first-principles quan-
tum chemistry methods, which could be of interest for generating standard 
property data that aim to exceed the accuracy possible from experimental 
measurements. 

Mapped averaging is a general means to reformulate ensemble averages, 
and it is possible to develop other formulations of the approach beyond that 
considered here. The effectiveness of a MA depends on how well the approx-
imation it is built upon describes the system at the conditions of interest. 
It is possible, for example, to develop a MA formulation based on pairwise 
interactions of the dipoles, rather than a treatment based on independent 
dipoles. Such an approach would yield an expression for rE

2 (βA) that again 
begins with the first-order (in density) Clausius-Mossotti-Debye term, then 
adds a second-order term with coefficient that is similar to a dielectric sec-
ond virial coefficient; the remaining terms would be ensemble averages that 
yield directly the error in the second-order approximation. In recent studies 
of the dielectric virial series [25], we found that the second-order expansion 
performs very well in comparison to simulation, and improves significantly 
on the first-order treatment. This is demonstrated for the TIP4P system 
in Fig. 8 (using dielectric virial coefficients computed here for this purpose). 
This observation suggests that it would be worthwhile to pursue development 
of the dielectric MA with a pairwise-dipole-interaction starting point. 
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